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Numerical study on the asymptotic equation for the deformation of
vortex lattice
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Abstract
We study a coarse-grained asymptotic equation which describes deformation of vortex lattices [Smirnov & Chukbar 2001]. It reads
φt = φxxφyy − φ2xy, where φ denotes displacement of vortex locations. This equation is valid for a lattice with short-ranged
interaction, e.g. geostrophic vortices with a screened potential. New self-similar blow-up solutions with inﬁnite total energy are
found. We ask whether or not ﬁnite-time blow-up can take place developing from smooth initial data with ﬁnite energy. The
numerical simulations show ﬁnite-time blow-up in such a way that φ ∈ H3 but φ /∈ H4.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of K. Bajer, Y. Kimura, & H.K. Moffatt.
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1. Introduction
It is well-known that localised structures with intense vorticity appear spontaneously in 2D Navier-Stokes turbu-
lence. The so-called play an important role in that they stretch vorticity contours surrounding them thereby transferring
to smaller scales. It is also known that when 2D ﬂows are subject to a suitable background rotation, , i.e. a group of
vortices which move together for some time, are observed [1, 2]. When there are many , we may ﬁll up the whole
plane with them to consider the vortex lattice as an idealisation [3].
The can be written with standard notations in vorticity form as follows
∂ω
∂t
+
∂(ψ, ω)
∂(x, y)
= ν∇2ω, (1)
where the streamfunction and vorticity are related by
ψ = −ω. (2)
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In the extreme case of concentrated vortices as a Dirac delta function δ in inviscid ﬂuids, the dynamics may be
replaced by a system of point-vortices. By this discretisation, we obtain
ψ = −δ(x), ψ = 1
2π
log
1
r
.
We may also consider a similar equation, the which can be written as
∂q
∂t
+
∂(ψ, q)
∂(x, y)
= ν∇2q. (3)
Here q is the deﬁned by
(− λ2)ψ = −q. (4)
The CHM equation describes in the atmosphere and in a plasma. In this case, discretisation leads to a screened version
of a point-vortex, called a geostrophic vortex [4]
(− λ2)ψ = −δ(x), ψ = 1
2π
K0(λr).
Here K0(r)is the modiﬁed Bessel function, which behaves like K0(r) ∼
√
π
2r exp(−r) as r → ∞. Thus, the CHM
equation has short-range interaction as opposed to long-range interaction in the 2D Navier-Stokes equations.
Reconnection of vorticity contours is an important mechanism in the formation of coherent vortices. The topolog-
ical change of vorticity contours has been studied on the basis of critical points of the vorticity and surface networks
in [5, 6, 7]. See also [8].
On the other hand, vortex lattices have been extensively studied for standard point-vortex systems for the 2D Euler
equations. In view of the generalisation above (the CHM equation), it may be of interest to study vortex lattices for
systems with short-ranged interaction. In fact, an asymptotic equation for the deformation of a vortex lattice has been
derived by [9, 10]. To the authors’ knowledge, this equation has not arisen in other contexts and not much is known
about it. In particular, this report provides the ﬁrst numerical simulations of the equation. It also makes sense to
investigate the mathematical property of this equation in some detail, focussing on its blow-up behaviour.
The rest of this paper is organised as follows. In §2, we describe the asymptotic equation. In §3, we present the
results of numerical experiments. §4 is devoted to summary and discussion.
2. Asymptotic equation for deformation of vortex lattice
Consider a vortex lattice which is obtained by placing point vortices in a doubly-periodic manner. This is a steady
solution for a system of ordinary differential equations of point vortices. There are three length scales in the problem:
the inter-vortex length a, the effective range b of the potential (i.e. the stream function ψ), and the characteristic length
l of the perturbation.
We consider a long-wave (l  b) perturbation ξ, that is, the displacement of the positions of each point vortex. By
coarse-graining and assuming local interaction between vortices, an asymptotic equation of the form
∂φ
∂t
= R
[
∂2φ
∂x2
∂2φ
∂y2
−
(
∂2φ
∂x∂y
)2]
. (5)
has been derived in [9, 10]. Here, the assumption of locality is typically valid for geostrophic vortices, that is, a point-
vortex for the inviscid version of (3), where b = λ. Also, the perturbation is taken to be ξ = (−∂yφ, ∂xφ) because
the other part in the Helmholtz decomposition is negligible for a  b.
Here the right-hand-side consists of the two-dimensional , i.e. the determinant of the(
φxx φxy
φyx φyy
)
.
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Note that if we take the trace, we would get a heat diffusion equation. It was also noted that (5) can be put in a
variational form.
If we consider the axisymmetric case, it is straightforward to derive a simpler form of the equation
∂φ
∂t
=
1
r
∂φ
∂r
∂2φ
∂r2
. (6)
By noting that (6) is invariant under the scaling r → αr, φ → γφ, t → (α4/γ)t, we may consider a solution of
the form
φ(r, t) = γF (ξ), where ξ = γr4/(T − t),
and derive an ordinary differential equation for F as
4ξF
′′
(ξ) + 3F
′
(ξ) =
1
16γ2
.
It follows that
F = 4cξ
1
4 +
ξ
48γ2
+ c′,
or
φ = γ
[
4c
(
γ
T − t
) 1
4
r +
1
48γ
r4
T − t + c
′
]
,
where c, c′ are constants. These solutions break down in a ﬁnite time. However, these solutions have inﬁnite energy:
‖φ‖L2 = ∞. A more general class of self-similar solutions will be discussed elsewhere. Also, the following self-
similar blow-up solution was noted in [9]
φ = − x
2y2
12R(t0 − t) .
Again, this solution has unbounded total energy.
Because φ represents a perturbation ﬁeld applied to a vortex lattice, it is natural to consider a φ which is localised
in space. Hence it makes sense to ask the question: do there exist solutions with ﬁnite total energy which blow up in
ﬁnite time or not. This is the motivation for our numerical experiments.
3. Numerical experiments
To study this problem, we have performed numerical simulation of the equation
∂φ
∂t
= R
[
∂2φ
∂x2
∂2φ
∂y2
−
(
∂2φ
∂x∂y
)2]
+ νφ
under periodic boundary conditions. We use a simple initial condition φ0(x, y) = a sinx sin y, where a is the initial
amplitude. The Laplacian viscous term is introduced to compare dissipative and inviscid cases.
A 2/3-de-aliased Fourier pseudo-spectral method is used with grid points 10242, and 20482 in some cases for
accuracy check. Time evolution is represented by a fourth-order Runge-Kutta scheme. Typical numerical parameters
are ν = 2.5× 10−4 and Δt = 1.0× 10−3.
First we consider viscous computations. In Fig.1 we show the time evolution of the Fourier spectrum
Q(k) =
1
2
∑
k≤|k|<k+1
|φ(k)|2
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Fig. 1. Fourier spectrum of φ for a = 0.3.
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Fig. 2. Time of breakdown t∗ ∝ a−p, p ≈ 1.1.
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for the choice a = 0.3. In this case the numerical solution breaks down at t = t∗ ≈ 29.8. In the late stage we observe
a bump in the mid-wavenumber range of the spectrum. At ﬁrst glance, it may look like a numerical artifact, but it has
turned out that it is a genuine mathematical property of the equation (see below).
Consider the 3D Navier-Stokes equations for which global existence of smooth solutions has not been established
for general initial data. However, in this case we know that if the initial data are ‘small’ in some sense, or equivalently,
if viscosity is ‘large’ in some sense then global smooth solutions do exist.
In view of this, we have done numerical experiments for a number of different values of a. For all the cases,
numerical solutions do break down at ﬁnite times. In Fig. 2, we plot such breakdown times as a function of the initial
amplitude a. It shows a clear power-law behavior t∗ ∝ a−p with p ≈ 1.1. If we extrapolate towards smaller values
of a, this indicates that the breakdown takes place no matter how small a is. In other words, if we wait sufﬁciently
long, a singularity will be formed in the end. This makes a marked contrast to the 3D Navier-Stokes equations, where
global regularity is established for small initial data. Its energy inequality is essential for proving such a property. As
for the equation (1), neither conservation of energy in the ideal case, nor energy inequality in the dissipative case is
known. We therefore interpret that the lack of energy inequality is the reason for such a marked difference.
Fig. 3. Time evolution of Sobolev norms for a = 0.3:
H3(solid), H4(dashed), H5(short-dashed) and H6(dotted).
Fig. 4. Comparison of H4 norms in viscous (solid) and
inviscid (thick) cases.
We deﬁne generalised enstrophies (squared ) as follows
H0 =
1
2
〈
φ2
〉
, H1 =
1
2
〈
(Λφ)2
〉
, H2 =
1
2
〈
(φ)2〉 ,
H3 =
1
2
〈
(Λφ)2〉 , H4 = 1
2
〈
(2φ)2〉 , H5 = 1
2
〈
(Λ2φ)2〉 , H6 = 1
2
〈
(3φ)2〉 .
Here Λ = (−)1/2 is the Zygmund operator deﬁned by its Fourier symbol Λ˜ = |k|.
We may look at the behaviour in more detail using these norms. In Fig. 3 we plot the time evolution of the
H3, H4, H5 and H6 norms, which suggests a ﬁnite-time blow-up such that
φ ∈ H3, φ /∈ H4
at the time of breakdown. The H3 norm takes large values only in the ﬁnal few steps, which indicates this is an
artifact.
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Fig. 5. Time evolution of contours plots of φ.
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Fig. 6. Time evolution of contours plots of |∇φ|, plotted similarly to Fig.5.
In Fig. 4 we compare the H4 norm in viscous and ideal cases, which shows that without the viscous effect the
breakdown takes place earlier.
We consider how the solution looks in physical space. We show contour plots of φ at several different times in
Fig. 5. (Hereafter, 20 equidistant levels between the maxima and minima are used in all the contour plots.) These
show that φ is smooth throughout the computation. In Fig. 6, we plot contours of Λφ, which show formation of
singular peaks in the two quadrants towards the end of the computation. In Fig. 7, we plot contours of 2φ, which
show the striking formation of singularities more clearly.
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Fig. 7. Time evolution of contours plots of 2φ, plotted similarly to Fig.5.
In order to check numerical accuracy, we plot in Fig. 8 the spectrum of the higher derivatives of φ at t = 29.5. This
shows that the higher wavenumber part decays rapidly and is well-resolved until the very late stage of the computation.
Fig. 9 shows that even the spectrum of 3φ is well-resolved and it also shows a characteristic wavenumber around
k ≈ 40.
In Fig. 10 we show the time evolution of the cross-sections of φ, Λφ and 2φ along the diagonal x = y,
passing through the near-singularity. As expected, no sharp peaks are noticeable in φ. However, in Λφ and 2φ,
extremely sharp peaks are observed. We note that the width of these peaks corresponds to 2π/k, where k ≈ 40 is the
characteristic wavenumber observed above. This means that each peak has at least 20 grid points, consistent with the
well-resolved computation.
To double-check this interpretation, we study the time evolution of peak values of higher derivatives of φ in linear-
linear plot in Fig. 11 and log-log plots in Fig. 12. They show that |Λφ| → ∞ |2φ| → ∞ but that |Λφ| < ∞ and
|φ| < ∞ as t → t∗ = 28.9. More precisely, we ﬁnd by least-squares ﬁtting that
max |Λφ| ≈ A
(t∗ − t)m , max |
2φ| ≈ B
(t∗ − t)n (7)
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Fig. 8. Weighted Fourier spectra at t = 29.5: k4Q(k),
k6Q(k) and k8Q(k) from below.
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Fig. 9. Weighted Fourier spectrum k12Q(k) at t = 29.5.
Note the peak at k ≈ 40.
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Fig. 10. Cross-sectional plots of several ﬁelds.
as t → t∗, where m = 0.339, n = 1.22, A = 0.995 and B = 2.73. The singularity is algebraic, that is, it has the
form of a negative power in time.
4. Summary and discussion
We have studied numerically the asymptotic equation arising in the problem of a vortex lattice. The numerics show
that the equation develops a and that this singularity is hiding in higher derivatives in the sense φ ∈ H3 but φ /∈ H4.
Accordingly, no singular behaviour ofφ is observed in contour plots and cross-sections, but its third or higher-order
derivatives apparently become singular.
To conﬁrm whether it is consistent with the numerical results or not, let us recall the
sup
x
max
|α|≤k
|Dαφ| ≤ c‖φ‖Hs , Hs(Rn) ⊂ Ck(Rn), s > k + n/2,
where D denotes a spatial derivative. If we list a few of them for n = 2, we have
sup
x
|φ|︸ ︷︷ ︸
<∞
≤ c1‖φ‖H4︸ ︷︷ ︸
→∞
, sup
x
|Λφ|︸ ︷︷ ︸
→∞
≤ c2‖φ‖H5 , sup
x
|2φ|︸ ︷︷ ︸
→∞
≤ c3‖φ‖H6 .
Thus the numerical results are entirely consistent with the Sobolev theorem.
This situation should be compared with the case of the 2D Euler equations whose global regularity is well-known.
More precisely, by applying the [11], we know that if ω0 ∈ Hs (s ≥ 3) initially, then we will have ω ∈ Hs for all
time.
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Fig. 11. Time evolution of max |Λφ|,max |Δφ|,max |ΛΔφ|
andmax |Δ2φ| from below.
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Fig. 12. Time evolution of max |Λφ|,max |Δφ|,max |ΛΔφ|
andmax |Δ2φ| from below, in log-log plots. Straight lines
represent ﬁtted values (7).
On the other hand, a standard procedure of Beale-Kato-Majda analysis [11] for (5) gives
d
dt
‖φ‖Hs ≤ c‖D2φ‖∞‖φ‖Hs+2 .
Unfortunately, this inequality is not closed with respect to Hs. To control the regularity, the criterion would require
higher derivatives than the second-order. Again, this is consistent with the numerical ﬁnding that the singularity
appears in the third-order derivative.
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